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Abstract
We show that the generalized parton distributions (GPDFs) in the ‘skewed’ x ≈ ξ ≪ 1
regime can be related in a particularly simple way to the usual diagonal distributions.
This follows directly from the Shuvaev transform, but bypasses a direct evaluation of
the poorly convergent double integral which this relation contains, thus allowing for
a more transparent understanding of the physics involved; it avoids the necessity for
any further low–x approximations for the diagonal partons, as well as permitting a
clearer application to cases when the GPDFs unintegrated over the parton transverse
momentum are required. We consider for illustration the specific examples of the central
exclusive production of a Standard Model Higgs boson, and the photoproduction of J/ψ
and Υ mesons at the LHC, and show how a careful evaluation of the GPDFs, which
our simple results allow, is required to correctly calculate the predicted cross sections.
1 Introduction
It is well known that suitably defined cross sections in hard hadronic processes can be de-
scribed in terms of universal diagonal parton distribution functions (PDFs). The inclusive
cross section is given by summing over all possible hadronic final states X : this is a crucial
step in defining the diagonal PDFs, which only depend on the momentum fraction x of the
struck parton and the scale µ2, allowing the process cross section to be written in a factorized
form, i.e. as a convolution of the parton level cross section and the corresponding PDFs.
However, for less inclusive observables a treatment in terms of conventional PDFs can-
not necessarily be directly applied. One interesting example of this is the class of ‘elastic’
hadronic processes, such as deeply virtual Compton scattering (γ∗p→ γp), diffractive vector
particle production (γ(∗)p → V p where V = ρ, J/ψ,Υ, Z...), or central exclusive production
(pp → p + X + p, where X = Higgs particle, dijets, χc...). In this case the processes are
described in terms of so–called generalized parton distribution functions (GPDFs), see [1, 2]
for reviews and a complete list of references. The GPDFs are represented for the gluon case
in Fig. 1: they depend on the momentum fractions xa,b = x ± ξ carried by the emitted and
absorbed partons, as well as the momentum transfer variable t = (p− p′)2 and scale µ2, and
the factorization is written in terms of the parton level amplitude and corresponding GPDFs.
Unfortunately, the cross sections for such exclusive processes are generally small, and
there are insufficient data to determine these distributions with an accuracy comparable
to that of the global parton analyses for the diagonal distributions, although fits do exist,
see for example [3–5] and references therein. Fortunately, under some reasonable physical
assumptions it is possible to determine the GPDFs from the diagonal distributions for the case
of small ξ ≪ 1. The basic idea is that in this regime, the non–zero skewedness should come
mainly from the evolution, with the input distributions having x≫ ξ, and therefore to good
approximation given by the diagonal distributions (for which xa = xb). This is expressed
mathematically in the Shuvaev transform [6, 7], which takes advantage of the observation
that the conformal moments of the GPDFs coincide at LO with the usual Mellin moments
of the diagonal partons, up to corrections of O(ξ2). It is a specific case of the more general
double distribution [8–10] representation of the GPDFs, when the xm–moments of the double
distribution f˜(x, α; , µ) have the asymptotic profile function. It has been shown (see [9]) that
both of these approaches lead to the same result. We discuss the details of the Shuvaev
transform, and its possible limitations, further in Section 2.
A particularly interesting case for which the Shuvaev transform can be applied is that of
diffractive processes with large rapidity gaps, for example the central exclusive production
(CEP) and photoproduction processes mentioned above. The cross sections for these are
written in terms of GPDFs, and typically have ξ ≈ x≪ 1: for example, at the LHC we have
ξ ∼ 10−3(10−4) for diffractive Υ(J/ψ) production and ξ ∼ 10−2 for central exclusive Higgs
production. Recalling that the Shuvaev transform receives corrections of O(ξ2), these are
clearly well within the required kinematic regime. In fact, here the situation is in principle
complicated by the fact that the required distributions are the GPDFs unintegrated over
the parton transverse momentum k⊥. However, in the relevant kinematic regime for these
processes, it has been shown in [11, 12] that such unintegrated GPDFs can be related back
to the integrated ones.
Often in the literature, the full Shuvaev transform, which is given by a quite poorly
convergent double integral relation, is not directly used (see for instance [13–18] for some
representative examples). Rather, assuming that at low–x the diagonal PDFs behave as a
simple power ∼ x−λ, an analytic expression for x = ξ, as in [7], is for simplicity taken. While
in some situations this gives a sufficiently accurate result, this is not always the case. This can
in particular be true when the unintegrated GPDFs are required, where the scale dependence
of the diagonal gluons, and therefore the power λ enters directly, requiring a more careful
treatment. In this paper, we show that the Shuvaev transform for x = ξ can be recast in
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xa = x+ ξ xb = x− ξ
p p
′
. . .
...
Figure 1: A schematic diagram showing the variables for the off-diagonal parton distribution
H(x, ξ), for the gluon case.
a different form, with the GPDFs given by a nicely convergent and simple single integral,
which can be used for an arbitrary input diagonal PDF. As well as having the benefit of
simplicity, this will allow us to show clearly how a proper treatment of the scale dependence
of the GPDFs can be quite important when calculating for example the cross sections for
various exclusive processes.
The outline of this paper is as follows. In Section 2 we present some quantitative details
and further discussion of the Shuvaev transform. In Section 3 we present the new analytic
forms for the GPDFs in the x = ξ ≪ 1 region; the principle results are given by (14) and
(15). We demonstrate that these results can also be used to a good degree of accuracy away
from this exact limit, i.e. for x ≈ ξ. In Section 4 we apply these to the specific case of
Higgs Boson CEP at the LHC, and show how a commonly used approximate formulae for
the unintegrated GPDFs can underestimate the predicted cross sections. We also explore
more generally the region of validity of the small–x approximate form for the GPDFs. In
Section 5 we consider the case of vector meson photoproduction at the LHC, finding the effect
to be smaller for the specific examples of J/ψ and Υ production, although not necessarily
negligible. Finally in Section 6 we conclude.
2 The Shuvaev Transform
The generalized parton distributions (GPDFs) are denoted [19–21] by Hq,g(x, ξ, µ
2, t), for
partons emitted and absorbed at a scale µ, where ξ is the skewing parameter, as shown in
Fig. 1, with −1 < x < 1. For definiteness we will take ξ > 0. In general the GPDFs also
depend on the squared momentum transfer t = (p− p′)2 between the incoming and outgoing
hadrons, however, as we have |t| ≪ µ2, this dependence is typically assumed to factorize
from the longitudinal momentum dependence as a form factor F (t), and we will assume this
to be the case in what follows, omitting the t dependence for simplicity. In the limit that
ξ → 0 (that is, xa = xb = x in Fig. 1), the GPDFs must reduce, from the optical theorem,
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to the usual diagonal distributions
Hq(x, 0) =
{
q(x) for x > 0 ,
−q¯(−x) for x < 0 , (1)
Hg(x, 0) = xg(x) , (2)
where for simplicity we will leave the scale dependence implicit in what follows. We refer the
reader to [1, 2, 21–23] for detailed treatments.
More generally, for ξ ≪ 1, in the space–like region |x| > ξ, it can be shown that the
GPDFs can be determined from the diagonal ones via the Shuvaev transform [6, 7]. In par-
ticular, the evolution of the GPDFs may be viewed as the renormalization of their conformal
moments [24].
OiN(ξ) =
∫
dxRin(xa, xb)Hi(x, ξ) , (3)
where i = q, g, the xa,b are defined in Fig. 1, and the Rin are known functions, see e.g. [6].
For ξ ≪ 1, these moments can be shown to reduce at LO to the usual Mellin moments of
the diagonal distributions, up to corrections of O(ξ2). Thus, provided the GPDFs can be
determined from their conformal moments (3), then the distributions can be related in turn
to the diagonal ones. This is achieved by the Shuvaev transform, and it can in particular be
shown that [7]
Hq(x, ξ) =
∫ 1
−1
dx′
[
2
pi
Im
∫ 1
0
ds
y(s)
√
1− y(s)x′
]
d
dx′
(
q(x′)
|x′|
)
, (4)
Hg(x, ξ) =
∫ 1
−1
dx′
[
2
pi
Im
∫ 1
0
ds(x+ ξ(1− 2s))
y(s)
√
1− y(s)x′
]
d
dx′
(
g(x′)
|x′|
)
, (5)
where any corrections to these formulae are of order O(ξ2), and
y(s) =
4s(1− s)
x+ ξ(1− 2s) . (6)
Assuming that the diagonal PDFs have the low–x behaviour
xq(x) = Nq x
−λq , xg(x) = Ng x
−λg , (7)
then (4, 5) are to good approximation given by
H˜i(x, ξ) = Ni
Γ
(
λ+ 5
2
)
Γ(λ+ 2)
2√
pi
∫ 1
0
ds [x+ ξ(1− 2s)]p
[
4s(1− s)
x+ ξ(1− 2s)
]λi+1
, (8)
where i = q, g and p = 0(1) for quarks (gluons). We will often consider in this paper the
GPDF in the ‘skewed’ regime, i.e. evaluated at xa = x, xb = 0. In this case, it is useful
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to take the ratio of this to the diagonal distribution at momentum fraction x. With this in
mind we can define
Ri ≡ Hi(x/2, x/2)
Hi(x, 0)
. (9)
We can use (8) to write
R˜i ≡ H˜(x/2, x/2)
H(x, 0)
=
22λ+3√
pi
Γ(λ+ 5/2)
Γ(λ+ 3 + p)
. (10)
This approximate form was first written down in [7].
Finally, we note that in the literature the validity of the Shuvaev transform has been
called into doubt [25], as in particular any singularities in the right hand complex N–plane of
the conformal moments ON can cause additional O(ξ/x) corrections and therefore make the
transform inapplicable in practice (in particular when x ∼ ξ). However, as discussed in [26],
such singularities cannot be generated by the evolution of the GPDFs, and must therefore
be present in the input distributions. Under the natural assumption that these low–x input
distributions exhibit Regge–like behaviour, they will also contain no such singularities. The
Shuvaev prescription is also supported by the good NLO and NNLO fit to HERA DVCS data
in [3]. Thus, while it cannot be proved from first principles, it is both physically motivated
and of practical use. We do not consider this question any further in this paper, but rather
refer the reader to [26] and references therein for more discussion.
3 Analytic form
The double integral (4,5) of the Shuvaev transform is poorly convergent, making the numer-
ical integration quite computationally intensive. On the other hand, assuming (7) to be a
good approximation, we can use (10) for the case x = ξ, without performing any integration.
A comparison of this approximation with the ‘exact’ result is performed in [26], and is also
considered in Section 4 below. Alternatively, in [27] grid files for different x, ξ values and
PDF choices are given, see [26] for more details.
Below, we will show that for x = ξ, the Shuvaev transform (4, 5) can be written in a very
simple form. Considering the gluon case, if we write (5) for x = ξ as
Hg(x, x) =
2x2
pi
∫ 1
x/2
dx′ Is(x, x
′)
d
dx′
(
g(x′)
x′
)
. (11)
then we find that the integral Is(x, x
′) can be performed analytically
Is(x, x
′) ≡ Im
∫ 1
0
ds
(1− s)
s (1− 2sx′/x)1/2 , (12)
= −2 arctan [(b− 1)1/2]+ 2 (b− 1)1/2
b
, (13)
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Figure 2: Integrands of (14, 15), for different x values. MSTW08L0 PDFs [28] are used, at
the scale Q2 = 10GeV2. In the quark case the sum of u, d and s PDFs are taken, and the
integrand is multiplied by an additional factor of x.
where b = 2x′/x. Using this, and integrating (11) by parts, we find that the surface term
vanishes, and we get
Hg
(x
2
,
x
2
, Q2
)
=
4x
pi
∫ 1
x/4
dy y1/2(1− y)1/2 g
(
x
4y
,Q2
)
, (14)
Hq
(x
2
,
x
2
, Q2
)
=

2
pi
∫ 1
x/4
dy y1/2(1− y)−1/2 q
(
x
4y
,Q2
)
x > 0 ,
2
pi
∫ 1
x/4
dy y1/2(1− y)−1/2 q
(
x
4y
,Q2
)
x < 0 ,
(15)
where Hg is symmetric in x. We have relabelled x → x/2 for the sake of comparison with
(10), and reintroduced the explicit scale dependence for clarity. We also show the result for
the quark GPDF, which follows from a similar derivation to the gluon case. It can readily
be shown that using the small x assumption of (7) in the above expressions reproduces the
result (10), as it must1.
In Fig. 2 we show the integrands of (14,15), for a range of x values, taking MSTW08LO
PDFs [28] at scale Q2 = 10GeV2 for illustration. In the quark case we multiply for illustration
by an additional factor of x: recalling (9) and (1), this will give a clearer picture of the size
of Rq at different x values. We can see that in both cases the integrand is dominated by the
1In fact, (14, 15) and (10) are only equivalent when we take the lower limit x/2→ 0 in (14, 15). However,
as we are in the x≪ 1 regime, and observing the form of the integrand in Fig. 2, which are strongly peaked
towards y = 1, it is clear that this is a very good approximation. This point was as also discussed in [26].
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Figure 3: Values for the ratio Rg(x) = Hg(x/2, x/2)/H(xa, 0), calculated using (14), for
x = xa and x = xs ≡ (xa + xb), with xa = 10−2 and for different values of xb, where the
kinematic variables are as defined in Fig. 1. Also shown is the full result, Rg(x, ξ), calculated
using (5).
y ∼ 1 region, that is with the argument of the diagonal PDFs peaked at x/4. Thus, at low
x, the GPDFs in the x = ξ regime are largely independent of the form of the diagonal PDFs
at high x, lending support to the application of the low–x approximation (7,10). While in
the gluon case, the integral is nicely convergent, in the quark case, the integrand is strongly
peaked2 at y = 1, leading to in general a much larger ratio Rq (9), see for example [26] for
some discussion of this. For the sake of brevity, we will not consider the quark GPDF any
further in what follows.
Although (14, 15) are only strictly valid for x = ξ, more generally we may expect, provided
x ≈ ξ, to be able to use these expressions to a good degree of approximation. To explore this
possibility, we show in Fig. 3 the Rg factor defined in (9), calculated using (14), as well as
the complete result of (5), for the case that x 6= ξ, that is xb 6= 0, with the variables defined
as in Fig. 1. We take fixed xa = 10
−2, 10−3 and scale Q2 = 2.5GeV2, and use LO and NLO
MSTW08 PDFs [28]. We can see clearly that these converge very closely for xb ≪ xa, as
we would expect, but as xb increases the results deviate somewhat: while the Rg calculated
using (14) with x = xa is independent of xb, the value found using (5) approaches unity
as xb → xa, as it must. We find a similar result for different PDF sets, while there is some
tendency for the deviation to increase with Q2, see also the discussion in [26]. For xb & 0.1 xa,
there is already a ∼ 10% deviation for the LO PDFs, and so some care may be needed. For
the NLO PDFs the deviation is smaller, although at larger Q2, where the Rg factor becomes
2With a simple change of variables u ∼ (1 − y)1/2, this integral can be recast into a numerically more
manageable form.
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Figure 4: The perturbative mechanism for the exclusive process pp→ p + X + p.
positive, this is not necessarily true. Interestingly, if instead of taking the argument x = xa
in (14) we instead consider the argument x = (xa + xb), i.e. corresponding to the variable x
in the GPDF H(x, ξ), we find a much closer matching between this and the full result, using
(5), even up to quite large values of xb ∼ xa. However, commonly the precise value of the
variable xb may not be known: this will be true in the following sections, when we consider
the CEP and photoproduction processes. In this case, we can see that provided xb . 0.1 xa,
then taking x ≈ ξ and using (14) is valid at the level of a few percent, for the sort of scales,
Q2, that are relevant to these processes.
Thus we have shown that the GPDFs in the x ≈ ξ regime are related in a very simple
way to the diagonal PDFs, integrated over the range [x/4, 1], with the ∼ x/4 region giving
the dominant contribution. In the following sections we will consider some phenomenological
applications of these formulae, and show how their simple form can help clarify some issues
associated with these.
4 The CEP of a Standard Model Higgs boson
We will consider central exclusive production (CEP) processes of the type
pp(p¯)→ p+X + p(p¯) , (16)
within the ‘Durham’ pQCD–based model (see [29–31] for reviews and references), as repre-
sented in Fig. 4, where the coupling of this two–gluon t–channel state to the proton (anti–
proton) is related to the gluon GPDF. As the x values probed are generally quite low (for
example for Higgs production at the LHC we have x ∼ 10−2), the Shuvaev transform can be
used to good approximation, up to small corrections of O(x2). More specifically, it can be
readily shown that the momentum fraction of the screening gluon x′1,2 ∼ Q⊥/
√
s, which does
8
not couple to the hard process3 is much lower than the momentum fractions x1,2 ∼ MX/
√
s
of the active gluons, in the physically relevant Q⊥ ≪MX regime: for the Higgs case 〈Q⊥〉 is
O(GeV) and MX = Mh ≈ 126 GeV, and so x′ ∼ 0.01 x. In the notation of Fig. 1, we have
x ≈ ξ ≪ 1 and, recalling Fig. 3, we may therefore use (14) to calculate the relevant GPDF
to good accuracy.
More specifically, we recall that the perturbative CEP amplitude can be written as [32–34]
T = pi2
∫
d2Q⊥
Q6
⊥
fg(x1, x
′
1, Q
2
⊥
, µ2)fg(x2, x
′
2, Q
2
⊥
, µ2)M(gg→ X) , (17)
where for simplicity we will consider throughout this section the limit that the outgoing
proton p⊥ = 0 : this approximation will not affect the conclusions which follow. Here,
M(gg → X) is the colour–averaged, normalised sub–amplitude for the gg → X process
M(gg → X) ≡ − 2
M2X
1
N2C − 1
∑
a,b
δabQµ
⊥
Qν
⊥
V abµν , (18)
whereMX is the central object mass, a, b are the gluon colour indices, and V
ab
µν is the gg → X
vertex. We take µ =MX/2 for the factorization scale. Taking the example of Standard Model
Higgs boson production, the CEP amplitude (17) is given by
THiggs = Api3
∫
dQ2
⊥
Q4
⊥
fg(x1, x
′
1, Q
2
⊥
, µ2)fg(x2, x
′
2, Q
2
⊥
, µ2) , (19)
where A is a constant given in [13]. The fg’s in (17) are the skewed gluon densities of the
proton, unintegrated over the gluon transverse momentum, and corresponding to the x′ ≪ x
limit. They are related to the (integrated) GPDF via [35, 36]
fg(x, x
′, Q2
⊥
, µ2) =
∂
∂ ln(Q2
⊥
)
[
Hg
(x
2
,
x
2
;Q2
⊥
)√
T (Q⊥, µ2)
]
,
=
∂
∂ ln(Q2
⊥
)
[
Rg
(
xg(x,Q2
⊥
)
)√
T (Q⊥, µ2)
]
. (20)
where Rg is defined in (9), which we have introduced to make contact with previous section,
and T is the Sudakov factor which ensures that the active gluon does not emit additional
real partons in the course of the evolution up to the hard scale µ, so that the rapidity gaps
survive. It is given by
T (Q2
⊥
, µ2) = exp
(
−
∫ µ2
Q2
⊥
dk2
⊥
k2
⊥
αs(k
2
⊥
)
2pi
∫ 1−∆
0
[
zPgg(z) +
∑
q
Pqg(z)
]
dz
)
. (21)
3This is unrelated to the integration variable x′ in (11). Using the variables of Fig. 1, we have x1,2 = xa,
x′
1,2 = xb.
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Figure 5: ‘Exact’ and ‘approximate’ expressions for the ratio Hg(x/2, x/2)/H(x, 0), Rg
and R˜g, calculated using (9) with Hg(x/2, x/2) given by (14), and using (10), respectively.
MSTW08LO PDFs [28] are used, with scales Q2 = 2.5, 50GeV2.
with [35]4
∆ =
k⊥
MX
. (22)
Using (14) we may then readily evaluate (20) to calculate the CEP amplitude (17). However,
commonly in the literature, two approximations are made (see for instance [13–18] for some
representative examples of this). Firstly, any scale dependence of the factor Rg is ignored:
that is, the scale dependence of the diagonal and generalized gluon PDFs (14) are assumed
to be the same. Secondly, the value of Rg is often found by assuming that the gluon density
exhibits the low–x behaviour of (7), and fitting the power λg. In this case we may write (20)
as
fg(x, x
′, Q2
⊥
, µ2) ≈ R˜g ∂
∂ ln(Q2
⊥
)
[
xg(x,Q2
⊥
)
√
T (Q⊥, µ2)
]
, (23)
where R˜g is given by (10). While these assumptions have the benefit of simplifying the
calculation, avoiding the computationally expensive integration of (5), their reliability is
certainly not guaranteed. Indeed, from (17) we can see that the CEP cross section will
depend on the GPDF to the fourth power, and so some care is needed. Using the simple
form (14), we can evaluate (20) and test the validity of these approximations.
The question of the latter approximation, in which the gluon density is assumed to exhibit
the low–x behaviours (7) has already been considered in the literature, see [26] and references
therein for more details. In Fig. 5 we show the ‘exact’ and ‘approximate’ expressions, Rg and
4This updated prescription for the z cutoff is used in all papers from [37] onwards by the authors.
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Figure 6: The ratio Rg = Hg(x/2, x/2)/H(x, 0), with Hg(x/2, x/2) calculated using (14)
directly, as a function of the PDF scale Q2. MSTW08LO [28] and CTEQ6L [38] PDFs are
used, with x =MH/
√
s, MH = 126 GeV and
√
s = 14 TeV.
R˜g. While the ‘exact’ value Rg is calculated
5 using (9) with Hg(x/2, x/2) given by (14), the
‘approximate’ value R˜g is calculated using (10), that is, assuming the low–x form of (7). We
take the MSTW08LO PDFs [28] for two representative choices of scale Q2 = 2.5, 50GeV2:
the following conclusions remain essentially unchanged for other choices of PDF. We can see
that in general there is quite a good agreement between the two expressions, at the percent
level, provided the x value is sufficiently small. We note that it is in general not enough that
the PDF exhibits the power– like behaviour of (7) at the x value of interest. We can see from
(14) that the generalized gluon density, and therefore Rg, is given by an integral over the
interval [x/4, 1], although as observed in Section 3 (see Fig. 2), the integrand is dominantly
peaked towards x/4. The approximate expression (10) assumes this power–like behaviour
over the entire range, with a constant power λg. Thus, even in the low–x region there can be
some difference between Rg and R˜g, as we can see in Fig. 5 (left). As x increases, the value of
Rg becomes more sensitive to the high–x region, where such a simple power–like behaviour
cannot be justified, with the approximate expression R˜g becoming artificially large. Provided
we are at sufficiently low x . 0.05 this approximation is nonetheless a very good one, but in
the intermediate region of x ∼ 0.1, where x may still be considered ‘small’, this is less clear
(although the Shuvaev transform, valid up to corrections of O(x2) ∼ 1% may still be reliably
applied). There may for example be some sensitivity to this region when the particle X is
produced at forward rapidity. Our expressions (14), (15), which make no assumptions about
the behaviour of the diagonal PDF, avoid such an issue.
5We note that using the grid files described in [26], which are calculted using the integral (5), give a very
similar result to this, and throughout the following sections when (14) is used, as we would expect. However,
such files are only available for a limited number of PDF sets, and our approach, using the easily integrated
expression in (14), bypasses the need for these in the x ≈ ξ ≪ 1 regime.
11
∂Rg/∂ lnQ
2
⊥
6= 0
∂Rg/∂ lnQ
2
⊥
= 0
MSTW08LO PDFs, Mh = 126 GeV,
√
s = 14 TeV
.
.
Q2
⊥
[GeV2]
14121086420
0.25
0.2
0.15
0.1
0.05
0
∂Rg/∂ lnQ
2
⊥
6= 0
∂Rg/∂ lnQ
2
⊥
= 0
CT10NLO PDFs, Mh = 126 GeV,
√
s = 14 TeV
.
.
Q2
⊥
[GeV2]
14121086420
0.16
0.14
0.12
0.1
0.08
0.06
0.04
0.02
0
Figure 7: The integrand of the CEP amplitude (19) for the production of a MH = 126 GeV
Higgs Boson, at
√
s = 14 TeV, as a function of the gluon loop momentum squared Q2
⊥
, with
the Rg factor taken inside and outside the differential, as in (20) and (23), that is, with the
Q⊥ dependence ∂Rg/∂ lnQ
2
⊥
included and excluded, respectively. In both cases the value of
Rg is found using (14).
We now turn to the former approximation discussed above, that is, the scale dependence
of the factor Rg. In Fig. 6 we show Rg, calculated using (14), as a function of the scale Q
2. We
can see that it displays some non–negligible dependence on Q2, bringing this approximation
into question (we can also see, as in [26], that using the NLO diagonal partons, the GPDFs
are actually suppressed relative to these at lower scales, as here the effective power λg in
(7) becomes negative). The relative size of this contribution will depend on the value of
∂Rg/∂ lnQ
2
⊥
, but also on the other terms which come when the differential (20) is expanded
out. This therefore requires a precise numerical comparison, using the correct, Q⊥ dependent
expression for Rg. The simple form of (14) which we have derived in this paper allows this
to be done with ease.
In Fig. 7, we show the integrand of the CEP amplitude (19) for the production of the
Standard Model Higgs Boson at
√
s = 14 TeV as a function of the gluon loop momentum
squared6 Q2
⊥
, using MSTW08LO [28] and CT10 PDFs [39] as a representative choice (other
PDF sets give similar results). We show both the integrand using the full result (20) for
the skewed PDFs, that is with the Rg factor taken inside the differential, and with the
approximation of (23), that is with this Q⊥ dependence neglected. The difference is quite
big, with the approximation of (23), which omits the positive contribution from ∂Rg/∂ lnQ
2,
underestimating the size of the CEP amplitude. In Table 1 we show cross sections for the
6In the low Q⊥ region to which the diagonal PDF sets do not necessarily extend, it is necessary to
perform some extrapolation, e.g. by freezing the gluon anomalous dimension γ below some low scale Q0, so
that xg(x,Q2) ∼ (Q2)γ . As the dominant part of the integrand comes from higher scales Q⊥ > Q0, we find
that the CEP amplitude is largely independent of the details of such an extrapolation.
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MSTW08LO CTEQ6L GJR08LO(FF) CT10 NNPDF2.1
∂Rg/∂Q
2 = 0 0.83 1.15 1.94 0.27 0.19
∂Rg/∂Q
2 6= 0 1.39 1.91 2.66 0.56 0.40
fit 1.22 1.92 2.52 0.65 0.50
∂R˜g/∂Q
2 6= 0 1.57 2.59 3.22 0.74 0.51
Table 1: Cross sections in fb for Higgs Boson (MH = 126 GeV) CEP at
√
s = 14 TeV,
integrated over the rapidity interval −2.5 < yH < 2.5, using a range of PDF sets [28,38–41].
These are calculated with the Rg factor taken inside and outside the differential, as in (20)
and (23), that is, with the Q⊥ dependence ∂Rg/∂ lnQ
2
⊥
included and excluded, respectively.
In both cases the value of Rg is found using (14). We also show the result of the fit (24)
of [12], with R˜g calculated using (10). Finally, the cross section with R˜g calculated using
the approximation (10), but included inside the differential as in (20), that is with the Q2
⊥
dependence ∂R˜g/∂ lnQ
2
⊥
included, is shown.
CEP of the SM Higgs Boson at
√
s = 14 TeV, using a range of PDF sets. As before, these
are calculated with and without the Rg factor included inside the differential (20). The
numerical importance of calculating the Rg factor precisely is clear, with the approximation
of (23) tending to underestimate the CEP cross section by a factor of up to 2. In general,
for lower object masses MX and/or higher
√
s, where the x values probed are lower, we find
that the numerical effect is less pronounced, but still non–negligible. We also show the cross
section for the case that the approximation (10) is used to calculate R˜g, but with this included
inside the differential (20). In this case, although the positive contribution from ∂R˜g/∂ lnQ
2
is included, this approximation tends to overestimate the cross section somewhat, as we might
expect from Fig. 5.
For completeness, we also show the result of the phenomenological fit of [12], modified
slightly to account for the results of [35] for the limit ∆ entering the Sudakov factor z integral,
see (21). Explicitly this gives
fg(x, x
′, Q2
⊥
, µ2) =
√
T
[
R˜g
∂xg(x,Q2
⊥
)
∂ lnQ2
⊥
+ xg(x,Q2
⊥
)
Ncαs
2pi
(
ln
(
MX
Q⊥
)
+
+ 1.2
µ2
µ2 +Q2
⊥
)
+ 5
αs
2pi
(
xuval(x,Q
2
⊥
) + xdval(x,Q
2
⊥
)
) ]
, (24)
where R˜g is calculated using (10). This or a very similar form is used to produce the Higgs
cross section predictions in [31] and by the paper authors in [37] onwards. The form of
(24) is fitted to the full result, which is derived by explicitly substituting (5) into the Q⊥
evolution equation for the GPDFs. Such a fit will not reproduce the full result completely,
and may be less reliable for other PDF choices (the fit was performed using MRST99 PDFs).
Nonetheless, it approximately includes the effect of the ∂Rg/∂ lnQ
2
⊥
term in (20), and so we
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Figure 8: Schematic picture of pQCDmechanism for the photoproduction of heavy quarkonia.
Quark (anti–quark) momenta flow from left to right.
can see in Table 1 that the Higgs cross sections calculated using this fit reproduce to quite
good approximation the complete result. Thus, the previous predictions of [37] do not need
to be significantly modified. Nonetheless, it is clear that the form of (20) for the skewed
PDFs should in general be used, and our result (14) allows this to be done in a very simple
way.
5 The photoproduction of heavy quarkonia
Another process in which the gluon GPDF plays a crucial role is the photoproduction of
heavy quarkonia
γ∗p(p)→ V p(p) . (25)
Due to the presence of the hard scale set by the quark mass, this can be modelled pertur-
batively, as shown in Fig. 8. The colour singlet V p interaction is mediated by a two–gluon
exchange in the t–channel, with the coupling of this to the proton related to the gluon GPDF.
To first approximation, the photoproduction cross section is given by [42]
dσ
dt
(γ∗p→ V p)|t=0 = ΓeeM
3
V pi
3
48α
[
αs(Q
2
)
Q
2 xg(x,Q
2
)
]2(
1 +
Q2
M2V
)
, (26)
where Γee is the width of the V → e+e− decay. However such an expression ignores the
contributions which come beyond the leading log from an explicit integration over the gluon
k⊥, as well as any ‘skewedness’ of the gluon GPDFs
7 i.e. it assumes that Rg = 1. A more
careful treatment (see for example [16]) shows that to include these corrections we should
7For simplicity we do not account for other corrections here, due to, e.g., cc rescattering, relativistic
corrections and the real part of the amplitude, which should also in general be considered, see [43, 44]
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MSTW08LO CTEQ6L GJR08NLO(FF) CT10 Fit
x = 10−2 1.41 1.35 1.28 1.64 1.29
x = 10−3 1.13 1.23 1.17 1.43 1.23
x = 10−4 0.88 1.16 1.13 1.16 1.19
Table 2: Ratio σ(∂Rg/∂Q
2 6= 0)/σ(∂Rg/∂Q2 = 0) using different PDF sets for the γp→ J/ψp
photoproduction cross section at different values of the gluon x. Both cross sections are
calculated using (27), with (14) used to calculate the Rg factor, but in the case of the
denominator, the additional approximation as in (23) is made. The ‘Fit’ refers to the NLO
parameterisation of [16], which has been extracted from J/ψ photoproduction data.
make the replacement in (26)
xg(x,Q
2
)
Q
2 →
∫ (W 2−M2
V
)/4
Q2
0
dk2
⊥
(Q
2
+ k2
⊥
)k2
⊥
∂[Hg(x, ξ, k
2
⊥
)
√
T (k2
⊥
, µ2)]
∂ ln k2
⊥
,
=
∫ (W 2−M2
V
)/4
Q2
0
dk2
⊥
(Q
2
+ k2
⊥
)k2
⊥
∂[Rg (xg(x, k
2
⊥
))
√
T (k2
⊥
, µ2)]
∂ ln k2
⊥
, (27)
where
Q
2
= (Q2 +M2V )/4 , (28)
where T (k2
⊥
, µ2) is the Sudakov factor, defined in (21), and the factorization scale µ =MX/2.
The momentum fractions of the t–channel gluons are given by
x′ =
M2qq −M2V + k2⊥
W 2 +Q2
, x =
M2qq +Q
2 + k2
⊥
W 2 +Q2
, (29)
where M2qq = (q + qˆ)
2 is the mass of the intermediate qq system. This depends on both the
gluon k⊥ and the distribution of the quark momenta within the meson, but for k
2
⊥
≪ M2V ,
and in the non–relativistic approximation for the meson wave function, we have MV → Mqq
and so x′ → 0, in which case we are in precisely the x = ξ regime described in Section 3, with
the gluon GPDF given by (14). More generally, provided the meson mass and/or photon Q2
is sufficiently large, we will have x ≈ ξ to sufficiently good approximation that this approach
can still be used. In this case, comparing this expression with (20) we can see that again,
a careful treatment of the scale dependence of the GPDF is needed to evaluate the cross
section.
In previous estimates (see e.g. [16,18,45] and references therein), the same approximation
(23) as in Section 4 has in general been used. However, as we have seen above, there
may be some non–negligible corrections to this, which a precise numerical evaluation of
(27) can clarify. In Tables 2 and 3 we therefore show the ratio of the cross section for
γp→ J/ψ(Υ)p photoproduction, calculated using (27), to the cross section calculated using
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MSTW08LO CTEQ6L GJR08NLO(FF) CT10 Fit
x = 10−2 1.44 1.49 1.37 1.73 1.33
x = 10−3 1.18 1.27 1.21 1.36 1.25
x = 10−4 0.99 1.18 1.15 1.15 1.19
Table 3: Ratio σ(∂Rg/∂Q
2 6= 0)/σ(∂Rg/∂Q2 = 0) using different PDF sets for the γp→ Υp
photoproduction cross section at different values of the gluon x. Both cross sections are
calculated using (27), with (14) used to calculate the Rg factor, but in the case of the
denominator, the additional approximation as in (23) is made. The ‘Fit’ refers to the NLO
parameterisation of [16], which has been extracted from J/ψ photoproduction data.
the same expression, but with the approximation of (23) made, omitting the scale dependence
of the Rg factor. We show results for a range of PDF sets and x values, as well as using the
NLO fit of [16]. We can see that, in particular for higher x values, the more precise expression
(27) predicts in general a somewhat larger cross section and that the x dependence as well
as overall normalization is affected. These results therefore indicate that in general applying
the approximation (23), as has been done in previous studies, may not be completely valid.
On the other hand at lower x, where the data tends to lie, the changes in Tables 2 and 3 are
quite small.
Finally, we note that some care is needed when treating the low k⊥ region of the integral
(27). Here, the form of the diagonal PDFs is not known and a perturbative treatment cannot
necessarily be trusted. Although the presence of the Sudakov factor ensures the result is finite,
if the hard scale Q
2
is not sufficiently large, the cross section may display some sensitivity
to this region. In for example [16] a cut–off k⊥ > Q0 is imposed on the integral in (27),
with an additional constant piece accounting for the k⊥ < Q0 region; in the current paper
we prefer to omit such a cut–off, and integrate (27) down to k⊥ ∼ ΛQCD, with a smooth
extrapolation performed for the diagonal gluons at low scale. If a perturbative treatment is
to be applicable, then the final result should not be too dependent on the choice of Q0 or
details of the extrapolation, and conversely any sensitivity to this is indicative of an intrinsic
uncertainty in the perturbative treatment. For the case of Υ production, we find that the
predicted cross sections are not too sensitive to this, with the ratios presented in Table 3 only
changing by at most a few percent when the form of the extrapolation or cutoff Q0 is changed
between reasonable choices. However, as the scale decreases, for example in the case of J/ψ
photoproduction (with photon Q2 ≈ 0), this sensitivity increases, with the results of Table 2
changing by up to ∼ 10%, although the overall trends with x remain. Moreover, it may be
also be the case, see (29), that we are not at sufficiently low x′ ≪ x for (14) to be applied.
In such a situation, the explicit x 6= ξ dependent Shuvaev transform (5) may be used, with
the x, x′ given by (29), although formally this corresponds to a higher order contribution,
being driven by the k2
⊥
∼M2V region, as well as depending on the details of the meson wave
function. Thus some care may be needed when applying the results presented in Table 2.
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On the other hand, for J/ψ production at higher photon Q2, as well as Υ production, where
we are safely in the perturbative, x′ ≪ x, regime, this is much less of an issue. In this case,
the importance of such a careful treatment is clearer, in particular when making comparison
with high precision data.
6 Conclusions
Generalized parton distributions (GPDFs) are a crucial ingredient in a wide range of hadronic
processes, from deeply virtual Compton scattering (γ∗p → γp), to diffractive vector parti-
cle production (γ(∗)p → V p where V = ρ, J/ψ,Υ, Z...) and central exclusive production
(pp → p + X + p, where X = Higgs particle, dijets, χc...). However, as the cross sections
for such exclusive processes are generally small, there are insufficient data to determine these
multi–argument distributions with an accuracy comparable to that of the global parton anal-
yses for the diagonal distributions. The Shuvaev transform [6, 7] offers a way to avoid this
problem, by relating the GPDFs to the diagonal distributions in the ξ ≪ 1 region.
In this paper we have demonstrated that the Shuvaev transform for the quark and gluon
GPDFs can be recast in a particularly simple form when x = ξ ≪ 1. This allows for an
easy way to bypass the poorly convergent standard form of the transform, without making
any assumptions about the low–x behaviour of the diagonal PDFs. For illustration we have
considered the specific cases of Higgs boson central exclusive production and J/ψ, Υ photo-
production at the LHC. We have shown how the simple form of (14) can be used to give a
precise treatment of the scale dependence of the unintegrated gluon GPDFs, and have ob-
served that the predicted cross sections, in particular for Higgs boson CEP, can be somewhat
underestimated by a common approximation for the Shuvaev transform in the low–x region,
which our treatment avoids. We have also found a similar, although less pronounced, result
in the case of J/ψ and Υ photoproduction.
Our simple results, given by (14) and (15), allow for a more precise and readily imple-
mented form of the Shuvaev transform in the x ≈ ξ ≪ 1 region, avoiding any further ap-
proximations, and should have a wide range of phenomenological applications for exclusive
and diffractive processes.
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